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Model Predictive Control (MPC)

Uncertain Control System: Tp11 = f(Tg, Uk, wg)

Obstacles

Goal



Model Predictive Control (MPC)

Uncertain Control System: Zx11 = f(Tk, ug, wg)

Certainty equivalent MPC:

@ Minimize distance to the dotted line
@ Subject to: System dynamics Tx11 = f(xk, ug, 0)

State and input constraints



Model Predictive Control (MPC)

Repeat:

@ apply optimal control law
@ wait for new measurement

@ re-optimize the trajectory
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Model Predictive Control (MPC)

|

\Y‘
A\

Problem:

@ certainty equivalent prediction is optimistic

@ infeasible (worst-case) scenarios possible



What is Robust MPC?

Main idea:

@ take all possible uncertainty scenarios into account

@ design tailored feedback policies to react to uncertainties
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What is Robust MPC?

Main idea:

@ take all possible uncertainty scenarios into account

@ design tailored feedback policies to react to uncertainties

Limitations:

@ exponential number of scenarios

@ much more expensive than certainty equivalent MPC
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Rigid Tube MPC

Main idea:
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Rigid Tube MPC

Main idea:

enclose all trajectories by a tube of constant polytopic cross-sections

optimize the central path of the tube
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Rigid Tube MPC

Main idea:

@ enclose all trajectories by a tube of constant polytopic cross-sections
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Rigid Tube MPC

Main idea:

@ enclose all trajectories by a tube of constant polytopic cross-sections

@ optimize the central path of the tube
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Mathematical Formulation of Rigid Tube MPC

qk

Uncertain control system:

Tr+1 = Az + Buy + wy

Constraints:
rr € X, up €U, wp, e W

Nominal system: (disturbance-free)
gr+1 = Aqr + Bui, and  Tp = qr + 2k
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Mathematical Formulation of Rigid Tube MPC

qk

Uncertain control system:

Trpa1 = Az + Buy + wg Linear feedback law:

Constraints: ”(kv "Ek) = U + K(xk - Qk)

rr € X, up €U, wp, e W
Z : denotes a precomputed robust

Nominal system: (disturbance-free) invariant set, w.r.t.,,
Qr+1 = Aqr + Bup, and Tk = qr + 2k zpi1 = (A+ BK)z, + wy,
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Mathematical Formulation of Rigid Tube MPC

Optimal Control Problem (OCP):
N—1

V(zo) :1’21151 Z (qr,vr) +m(qn)
" k=0

( Vk=0,...,N—1
qr+1 = Aqr + Buy
st. { q.€XOZ,qgn €Xrp
v, e U KZ

ro E{q}t P Z

\



Mathematical Formulation of Rigid Tube MPC

Optimal Control Problem (OCP):
N—1

V(zo) :1’21151 Z (qr,vr) +m(qn)
" k=0

( Vk=0,...,N—1
qr+1 = Aqr + Buy
st. { q.€XOZ,qgn €Xrp
v, e U KZ

ro E{q}t P Z

\

@ stage cost: /(q,v) = ¢"Qq + vT Rv

@ terminal cost: m(q) = ¢" Pq

@ P, () and R are symmetric positive
definite

@ X7 : terminal constraint set



Mathematical Formulation of Rigid Tube MPC

Optimal Control Problem (OCP):
N—1

V(zo) :1’21151 Z (qr,vr) +m(qn)
" k=0

( Vk=0,...,N—1
qr+1 = Aqr + Buy
st. { q.€XOZ,qgn €Xrp
v, e U KZ

ro E{q}t P Z

\

@ stage cost: /(q,v) = ¢"Qq + vT Rv

Standard assumptions:

Q@ (A+BK)Xy C Xy, X C X6 Z and @ terminal cost: m(q) = ¢" Pq

KXrcUos KZ
@ P, () and R are symmetric positive
9@ m((A+ BK)q) + (g, Kq) <m(q), definite

Vg € X | . .
1< ar @ X7 : terminal constraint set



Overview

Contribution
@ Parallel Real-time Optimization Algorithm

@ Parallel Explicit Tube MPC Scheme

@ Numerical Example



Overview

Contribution
@ Parallel Real-time Optimization Algorithm

@ Parallel Explicit Tube MPC Scheme

@ Numerical Example

Goal: develop a real-time Tube MPC algorithm with limited memory footprint
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Rewrite the OCP of the Rigid Tube MPC

N—-1

1 0(qr, vi.) + m(gn)
k=0

Vk=0,...,N —1
Qhot1 = AQk -|—ka
g € X6 4
v, e U KZ
zo € {q}dZ
\ gy € Xr

s.t. <




Rewrite the OCP of the Rigid Tube MPC

N-1 @ Stacked vectors and matrices
1 f Qkavk ‘l_m QN) Y = [q; U;]T’ YN = N

k=0
k=0, N—1 C=[AB],D=[I0]

Qr+1= A(Jk- + Bug,
g € X6 4
n. e U K7
ro € {qo0} B Z

\ gy € Xr

S.1.
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Rewrite the OCP of the Rigid Tube MPC

N-1 @ Stacked vectors and matrices
win ) Hg, vk) +mlan) ye =g IIT, un =an

k=0
Vk=0,....N—1 C=[AB],D=10]

Qk+1= AQk + By @ Constraint sets

e XSO Z GpeEXZ vweUsKZ
U Yo=1< v | Ago + Bvy e X& Z

e U KZ
ToE {QQ} ¢ 7

gpeXoZ nelUsKZ
[ gnv€E X Yk-:{yk

Aqp, + Bu, e X6 Z

Yn ={yn | av € X1}

9/19



Rewrite the OCP of the Rigid Tube MPC

N-1 @ Stacked vectors and matrices
win ) Ak, vk) +mign) ye =g IIT, un =an

k=0
Vk=0.... N—1 C=[AB],D=1I0]

Qk+1= AQk + By @ Constraint sets

g€ X6 Z pweXeZ vweUsKZ
U Yo=1< v | Ago + Bvy e X& Z

’Ukez Hj GE.P(EZ ‘ﬂHIEIH!II!IEIEIID
o€ {q0} © Z

g XL, neUo KZ
[ gnv€E X Yk-:{yk

f1Qk'+'f30k ceXeZ

Yn ={yn | gy € X7}

@ Cost function
Ji(yr) = gk, vk) , In(yn) = m(gn)

N
= > Jr(yr)
k=0
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Rewrite the OCP of the Rigid Tube MPC

/ Nl \ @ Stacked vectors and matrices
V(xo) :rgljlvn 2 0(qr,vr) +m(gn) Yp = [q; ”U,l:]T, R
( Vk=0,....N -1 [ I 11 0]
qk+1= Aqr, + By, @ Constraint sets
b o we XS Z y §EX§Zw§eg@Kz
> 0= 4% | Ag + By € X
e U KZ
o
o€ {q} & Z

k < / . wEXOZ v, eUsKZ
\_INE€ AT TV Ag + Bu,exoz

equivalent Yy = {un | q € X}
6(3:0) = min J(y) 7'\\7\
Y k(0. N2 @ Cost function
Dyprs i Cy,k. _0 ’ Aot Ji(yr) = ar, vk) s, In(yn) = m(qn)
s.t. < N
- G =0 A Tw) = 3 Jewn)
\ Uk € Yi,UnN—1 € YN_1,YN € Yy 0
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Parallel Real-time Optimization Algorithm (Coupled QP)

Yr € Yi,yn—1 € Yn_

lyn € YN

Unconstrained auxiliary optimization
problem:

o @\

= min Z Tk (yr — yi)

Vke {0,...,N —2}
s.t. S Dypy1 —Cyp =0 | dppa
\_ yn —Cyn—1=0 |dn Y,
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Parallel Real-time Optimization Algorithm (Coupled QP)

4@0) = min > Jklur)
k=0

%\

(Vk€{0,...,N —2,}
Dyrt1 —Cyr =0 | At
st. Syv —Cyn—1=0 | An
Y € Y, yn—1 € Yn_1
K lyn € YN /
Main idea:

Unconstrained auxiliary optimization
problem:
s v O\
V(SCO) = myin Z Jk (yk — y};ef)
k=0

Vk € {0,...,N — 2}
s.t. S Dypy1 —Cyp =0 | dppa

yn —Cyn—1=0 \5N/

o

@ problem @ approximates yx without needing inequality constraints

o for y™" = y*, problems @ and Yt are equivalent

@ problem @ can be solved efficiently using a sparse linear algebra solver
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Parallel Real-time Optimization Algorithm (Decoupled QPs)

S.t.

L

é(l’o) = min > Tnlyr)
k=0

(Vk€{0,...,N —2,}

Dyiy1 — Cyr, =0
ynv —Cyn—_1 =0

lyn € YN

Yr € Yi,yn—1 € Yn_

7\

| Akt
| AN

/

Augmented Lagrangian optimization
problem:

& —argmin J(£) + (GTN)Te @
ey

+ (€ -y )TH(E — 1)

Q yj and )\ current approximations, and

-C D 0

—C D
QG= o , H =V2](y)
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Parallel Real-time Optimization Algorithm (Decoupled QPs)

Augmented Lagrangian optimization

N problem:
é(:l’?o) :myirn Z Jk('yk) %
k=0

& —argmin J(£) + (GTN)Te @
ey

(Vk€{0,...,N —2,} (e PVTH(E — o)

Dyi+1 —Cyr =0 | At

st. Syv —Cyn-1=0 |y o) yj and )\ current approximations, and
Yk € Yi,yn—1 € Yy 1 —C D 0
—-C D
K lyv € YN / QG= o , H=V"J(y)
0 o1
Notice that @) has a separable structure :
(= al{g_g?n Jo(€) = (CTA)TE + Jo(€ — w) )
Elo
- . - - - trictl '
I — argmin J,(€) + (DTAL — CTAL, )€ + Ju(€ — ) strictly convex quadratic
EEYy, programs
7. =argmin Jn (&) 4+ (N)TE+ In (€ — o)
\N 2V o ( ) ( N) N( N) /
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Parallel Real-time Optimization Algorithm (Decoupled QPs)

4 &) = argmin Jo(€) — (CTN)TE + Jo(€ — v) N
£€Yo
] — at;geglin Ti(€) + (DTX, — CTN )TE+ Ji(é — y))
& =argmin Jn (&) + (M) TE+ In (€ —yd)

\\ E€EYN ,/
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Parallel Real-time Optimization Algorithm (Decoupled QPs)

-

g = argmin Jy(§) —
£€Yo

i = argmin Jg (&) + (DT)\i;
eV

(CTA)TE+ Jo(€ — )

—CTXL, )TE+ Jh(€—yl)

& =argmin Jn (&) + (M) TE+ In (€ —yd)

EEY N

~

using multi-parametric
guadratic programming

pre-compute three
solution maps

-

.

N J ro) = argmin Jo(€) — (CTA)TE + Jo(€
S 5!

gj(Aia k+¢a 'j) ::azgg}hl Jk(g)‘+’(I)TAi "CTTAi+¢)T€*+*Jk(€‘4*yi)
EVg

A ) = a}gjgmm In(E) + (A)TE+ IN(E—u)

yé), (7o is hidden in YO)\
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Parallel Real-time Optimization Algorithm (Decoupled QPs)

4 & = argmin Jo(€) — (CTA)TE + Jo(€ — 1) )
0
{ = argmin J(§) + (DX, = OTAL)TE + i€ — )
k
&y = argmin Iy (€) + (\y)TE+ In (€ —yy)
\_ N eevy N N )
using multi-parametric pre-compute three
qguadratic programming solution maps
/68()\{, Yo, To) = ax;_gr;;in Jo(€) — (CTANTE + Jo(€ — yl), (z0 is hidden in YO)\
Clo
N N vl = srgmin Te(€) + (DT, — CTAL, )TE + J(€ — v)
N ) = argmin Jy(€) + (\)TE+ (€ = u1)
\ EeYn /

The memory requirements do not depend on the prediction horizon NV
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Parallel Real-time Optimization Algorithm

Optimization Algorithm:

For j = 1 — m (with initial guesses y' and A1)
Stepl:input v/ = [J,....uh], M =M, ..., M\



Parallel Real-time Optimization Algorithm

Optimization Algorithm:

For j = 1 — m (with initial guesses y' and A1)
Stepl: input u/ = [y),....y%]. M = [\, ... \Y]
Step2: compute ¢ = (&), ¢/,...,¢%) using decoupled QPs

Step3: set v =27 — o7




Parallel Real-time Optimization Algorithm

Optimization Algorithm:

For j = 1 — m (with initial guesses y' and A1)
Stepl:input v/ = [y),....uh], M = [\, ..., A}]
Step2: compute ¢ = (&), ¢/,...,¢%) using decoupled QPs
Step3: set v =27 — o7

Step4: update next iterate using coupled QP:
N

y/ T = argmin Z Ji(ye — yieh)
Y

k=0
Vk €{0,...,N —2}
s.t. Dypy1 —Cyr =0 | Opq1

yn —Cyn—1 =0 |dn
ML=\ 4 57
End




Parallel Real-time Optimization Algorithm

Optimization Algorithm:

For j = 1 — m (with initial guesses y' and A1)
Stepl:input v/ = [y),....uh], M = [\, ..., A}]
Step2: compute ¢ = (&), ¢/,...,¢%) using decoupled QPs
Step3: set v =27 — o7

Step4: update next iterate using coupled QP:
N

y/ T = argmin Z Ji(ye — yieh)
Y

k=0
Vk €{0,...,N —2}
s.t. Dypi1 —Cyp =0 | pq1

yn —Cyn—1 =0 |dn
ML=\ 4 57
End

The algorithm converges linearly: (0 < x < 1)

T =y ) + VT = N) <k (T —y) + TN = \)



Parallel Explicit Tube MPC Controller

current state
measurement

4

update the OCP

re-scaling

initial guess

proposed
optimization algorithm




Parallel Explicit Tube MPC Controller

current state L
i » update the OCP
measurement
re-scaling
. roposed
initial guess . P . P .
. optimization algorithm
ym Am
uncertain sub-optimal solution

-

dynamic system ug = [0 115" + K (xzo — [1 0]&5")
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Parallel Explicit Tube MPC Controller

current state L
0 » update the OCP
measurement
1 re-scaling
update " roposed
P initial guess . P . P .
. optimization algorithm
ym Am
. , uncertain sub-optimal solution
shift horizon |« <

-

dynamic system ug = [0 115" + K (xzo — [1 0]&5")
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Parallel Explicit Tube MPC Controller (Recursive Feasibility)

current state L
0 » update the OCP
measurement
1 re-scaling
update " roposed
P initial guess . P . P .
. optimization algorithm
ym Am
. , uncertain sub-optimal solution
shift horizon |« <

-

dynamic system ug = [0 115" + K (xzo — [1 0]&5")

~

Recursive Feasibility

we assume that the state constant set X to be robust control invariant, the subop-
timal solution preserves the recursive feasibility P
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Parallel Explicit Tube MPC Controller (Stability)

ﬂl’heorem 1 \

If the number of inner loops in the proposed optimization algorithm satisfies
log(n\/E-i-%)

log(1/k) 7
\the proposed scheme yields an asymptotically stable closed-loop controller. /

m > 2

@ 0 < Kk < 1: linearconvergence rate
@ 1,7 > 0: satisfy the inequality [V (zg) — V(z})| < nllzg — ztllo + Zllzg — =13

@ o > 0: satisfies the inequality [|zg — 213, < ox™Jo(y)



Numerical Example

| (1 1\ ., (05
Double integrator example: A = (0 1) , B = ( 1 )

Disturbance set: W = {w | ||w||s < 0.1}

State and input constraint: X ={x | [0 1]z <2}, U={u| |u] <1}

2.06 0.60)

Matrices: Q =1, R=10.1, K = —(0.62, 1.27), P = (0 60 1.40

2

L2
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Numerical Example (Memory Requirements)

Parallel Explicit Tube MPC

N number of regions memory [KB]
10 456 36
20 456 36
30 456 36
50 456 36
456 36

VS

Explicit Tube MPC

N number of regions memory [KB]
10 1648 174

20 5312 1028

30 11050 3108

50 25160 11500

70 42700 27066




Numerical Example (Runtime Performance)

CPU Time [s]
1073
35 :

13.12 [ms]
3 - -

25}
On-line Centralized Tube

oL MPC (gpOASES) \

Parallel Explicit Tube MPC
///}gr —tr— —r e — * ? AA—T0'14[HQS
28 [us]

0 20 30 40 50 60 70 80 90 100
N
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Summary

Conclusions:

@ Derived a real-time and parallelizable Tube MPC scheme
@ Maintained recursive feasibility and stability

@ Reduced the storage of Explicit MPC by orders of magnitude
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Conclusions:

@ Derived a real-time and parallelizable Tube MPC scheme

@ Maintained recursive feasibility and stability

@ Reduced the storage of Explicit MPC by orders of magnitude
Future work:

@ Implementation on the embedded applications

@ Extension to nonlinear systems



Summary

Conclusions:

@ Derived a real-time and parallelizable Tube MPC scheme
@ Maintained recursive feasibility and stability

@ Reduced the storage of Explicit MPC by orders of magnitude

Future work:

@ Implementation on the embedded applications

@ Extension to nonlinear systems

Contact: wangkail@shanghaitech.edu.cn

Thank you! Questions?



